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Abstract

Boundary value problems for steady-state flow in elastoplasticity are a topic of mathematical
and physical interest. In particular, the underlying PDE may be hyperbolic, and uncertainties
surround the choice of physically appropriate stress and velocity boundary conditions. The
analysis and numerical simulations of this paper address this issue for a model problem, a system
of equations describing antiplane shearing of an elastoplastic material. This system retains the
relevent mathematical structure of elastoplastic planar flow. Even if the flow rule is associative,
two significant phenomena appear: (i) For boundary conditions suggestive of granular flow in a
hopper, in which it seems physically natural to specify the velocity everywhere along a portion
of the boundary, no such solutions of the equations exist; rather, we construct a solution with
a shear band (velocity jump) along part of the boundary, and an appropriate relaxed boundary
condition is satisfied there. (ii) Rigid zones appear inside deforming regions of the flow, and
the stress field in such a zone is not uniquely determined. For a nonassociative flow rule, an
extreme form of nonuniqueness—both velocity and stress—is encountered.

1 Introduction

The Navier-Stokes equations provide an accurate continuum description of fluid motion under a wide
range of conditions. Similarly, classic continuum mechanics models have been formulated to describe
deformations and dynamics in solid materials, including elastic waves and plastic deformations.
In contrast, no such general model is available for the flow of granular materials. Quite apart
from questions of accuracy, the first generation of continuum models, derived from engineering
experiments and plasticity theory, suffer from severe and fundamental mathematical difficulties.
Specifically, the dynamic equations are typically ill-posed [11], and the steady-state equations are
typically hyperbolic [9]. This paper is concerned with the latter difficulty: specifically, formulating
appropriate boundary conditions for steady flow.

A pressing challenge in granular flow is to derive a satisfactory continuum description of the
“slow flow” regime: i.e., the situation in which the forces due to particle interactions are dominated
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by sustained frictional contacts. Such a description should be derived from the statistics of an
ensemble of discrete grains. Despite much effort [1, 4, 6, 15], this goal remains elusive. One
aspect of the difficulty concerns separation of microscopic and macroscopic scales. In a fluid, where
the microscopic (molecular) scale is vastly smaller than the macroscopic scale, few specifics of
microscopic phenomena remain in the continuum description. By contrast, the grains in a typical
bulk granular material are only slightly smaller than macroscopic dimensions, and an accurate
continuum description will probably need to account for phenomena at the grain scale.

In this paper we approach these issues from a different point of view. Steady-state continuum
equations, based on plasticity and having no explicit dependence on grain-scale phenomena, are used
extensively in engineering [9], producing some accurate predictions despite open questions about
the mathematical formulations. This fact raises a mathematical question: i.e., what boundary
conditions, if any, for such a hyperbolic equation, lead to a well-posed problem? For example,
consider gravity-driven steady granular flow in a conical hopper. In the PDE derived from plasticity
theory, there is a physically natural set of boundary conditions on the side walls of the hopper.
However, it is not clear what boundary conditions should be applied at a top boundary for hopper
flow, where there may be either a free boundary or a transition to a cylindrical silo. Likewise, it is
not known what boundary conditions to specify at the outlet of a hopper. Of particular interest in
the latter case, it is believed that in the discharge region there may be an abrupt rotation of the
stress axes; this is a transition between so-called active and passive states of the stress [9].

We study questions about boundary conditions for a hyperbolic system in the context of the
model equations in [10], which describe antiplane shearing of a kind of elastoplastic material. In
steady state, elastoplastic behavior reduces to rigid-perfectly plastic behavior. In rigid regions,
the velocity is constant and the stress is underdetermined. In deforming, or plastic, regions the
velocity and stress satisfy a first-order system of differential-algebraic equations. At steady state,
this system may be rewritten as a single second-order hyperbolic equation in two space variables.
The existence of this rigid/deforming dichotomy distinguishes our problem from boundary-value
problems for a simple second-order hyperbolic equation such as the wave equation.

Despite the underlying hyperbolicity of the system, we consider boundary conditions of a type
more commonly associated with elliptic equations; i.e., at every point of the boundary either the
velocity or the normal traction is prescribed. We focus on a specific boundary-value problem in
which the prescribed velocity leads to a stress reversal analogous to a passive/active transition in
a hopper. Since the equations are hyperbolic, one might expect the stress switch to occur along a
sharp interface. We find, however, that in order to accommodate the switch, a rigid zone is needed.
Moreover, in the rigid region the velocity boundary condition cannot be satisfied; rather, we must
impose a “relaxed” boundary condition. (Cf. [3, 13] for related phenomena.)

The remainder of this paper is structured as follows: In Section 2 we briefly review the antiplane-
shear model [10]. In Section 3 we formulate and solve analytically one specific boundary-value
problem for the model. Although we focus on one particular problem, our techniques are of much
greater generality and illustrate general phenomena. In Section 4, the issue of boundary value
problems is discussed in a variational context. In Section 5 we address the question of uniqueness.
The answer depends on a parameter α in the model; the case α = 0 is analogous to metal plasticity,
while if α > 0 this parameter is analogous to the angle of internal friction in a granular medium.
In Section 5.1 for the case α = 0, we state, prove, and apply Hill’s theorem to derive a uniqueness
result. In Section 5.2 for the case α > 0, we encounter an extreme form of nonuniqueness: we
show there is an infinite-dimensional family of solutions of the boundary-value problem. Finally,
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in Section 6 we solve the dynamical equations numerically. As t → ∞, the numerical solutions
converge to the steady-state solution constructed in Section 3, albeit in a somewhat noisy way.
The boundary conditions in the rigid region are particularly interesting since, in the numerical
problem, the velocity is specified on the entire boundary of the rigid region, with no reference to
the relaxed boundary conditions of the continuum formulation. Nevertheless, at the layer of grid
points just inside the boundary, the numerical solution satisfies exactly these relaxed boundary
conditions. It is natural to describe this velocity jump at the boundary as a shear band.

To make the connection to engineering models of granular flow in hoppers, we conjecture that,
if a stress reversal appears in flow near the outlet, it is likely to occur over an extended region that
includes a nondeforming zone and a shear band.

2 The Mathematical Model

We use a simplified elasto-plastic model of motion of granular materials under anti-plane shear
described in [10]. All functions are independent of z. The scalar function v(x, y, t) specifies the
z-component of the velocity, with the other two components vanishing. Regarding stress, only the
xz- and yz-components of the stress tensor contribute to the motion, and we form a 2-vector from
these,

τ = (Txz, Tyz)
T .

In the dynamical equations, the velocity evolves according to conservation of momentum, which
after nondimensionalization assumes the form

∂v

∂t
= ∇ · τ . (2.1)

Stress evolves according to an elasto-plastic constitutive law

G−1 ∂τ

∂t
=











∇v, if |τ | < 1 or τ · ∇v ≤ 0,

∇v −
τ · ∇v

cos α
R−1

α τ , otherwise,
(2.2)

where G > 0 is a nondimensionalized elastic modulus and the matrix Rα is a rotation counter-
clockwise through an angle α, with 0 < α < π

4 :

Rα =

[

cos α − sinα
sin α cos α

]

.

The first case in equation (2.2) represents a linear-elastic response; combining this case with (2.1)
yields a linear wave equation for elastic waves. The second case represents a plastic response,
occurring when (i) the stress satisfies a yield condition, here taken to be

|τ | = 1 (the plastic yield condition), (2.3)

and (ii) the deformation exhibits loading behavior, which means τ · ∇v > 0. It is sometimes
convenient to combine the two case in (2.2) into a single equation:

G−1 ∂τ

∂t
= ∇v −

(

χ(|τ |2)

cos α
Ψ(τ · ∇v)

)

R−1
α τ , (2.4)
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where
Ψ(z) ≡ max(z, 0), χ(z) ≡ H(z − 1), (2.5)

in which H(·) is the Heaviside unit step function.
We consider these equations on the rectangular region Ω = {(x, y) : 0 < x < 1,−L < y < L},

with L ≥ 2. We divide ∂Ω into two subsets: ∂Ω = Γv ∪ Γτ , where Γτ = {(1, y) : |y| ≤ L} is the
right edge of the domain, and Γv = ∂Ω − Γτ . For the boundary conditions, as a first choice, we
would like to impose:

On Γv, v = φ,
On Γτ , τN = 0,

(2.6)

where φ is a given function on Γv and N is the unit outward normal. However, we will see that
in general these conditions are too restrictive and there are no continuous steady-state solutions
of (2.1), (2.2) that satisfy these boundary conditions. It is not immediately clear that there is no
solution of (2.11) subject to the unrelaxed boundary conditions (2.6) with continuous velocity, and
an intuitive understanding of why this is so depends on several considerations. Since this fact is
proved rigorously (for α = 0) using Hill’s theorem in Section 5, we omit the intuitive argument in
favor of the rigorous proof to follow.

To formulate relaxed boundary conditions, we introduce a boundary-value or “trace” operator
b as in [13]. If v is continuous on Ω and has a continuous extension to the closure Ω, then for points
P ∈ ∂Ω let

b[v](P ) = lim
(x,y)→P

v(x, y).

We modify (2.6) to

On Γv, either b[v] = φ,
or τN = − sign(b[v] − φ) cos α

On Γτ , τN = 0.

(2.7)

A heuristic argument for (2.7) may be obtained as follows. If v, τ ∈ C(Ω) is a steady-state solution
of (2.1), (2.2), let us extend v to Ω as ṽ, which is not necessarily continuous, but satisfies (2.6),

ṽ =

{

v in Ω,
φ on Γv.

In physical terms, a discontinuity in the velocity field ṽ at Γv may be interpreted as a shear band.
For definiteness, let us assume that ṽ has a shear band along a portion of the y-axis. In order to
apply the PDE “at” the shear band, we compute that (in the distributional sense) in a neighborhood
of x = 0,

∂xṽ(x, y) = (b[v](y) − φ(y) ) δ(x) + O(1). (2.8)

Because of the δ-function in this equation, forming the unit vector ∇ṽ/|∇ṽ| is not a rigorous
operation of distribution theory. Nevertheless, heuristically, the δ-function dominates the O(1)
term, so that along the y-axis

∇ṽ

|∇ṽ|
(0, y) = sign(b[v](y) − φ(y) )

(

1
0

)

. (2.9)
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In the steady-state plastic case of (2.2), the stress τ is parallel to Rα∇v; recalling that |τ | = 1, we
conclude that

τ = Rα
∇v

|∇v|
. (2.10)

The relaxed boundary condition in (2.7) may be derived on substituting (2.9) into this equation
and recalling that the outward normal is (−1, 0).

Another motivation for the relaxed boundary conditions, at least in the case α = 0, comes from
variational considerations, which are discussed in Section 4. If a steady-state solution of (2.1), (2.2)
with boundary conditions (2.6) exists, then it minimizes an integral related to the total variation
of v, but in general the minimum of this functional is not achieved. By contrast, a steady-state
solution of (2.1), (2.2) with boundary conditions (2.7) minimizes a relaxed functional, and in this
case the minimum is achieved.

Finally, partial validation for the relaxed form of the boundary conditions comes from numerical
simulations of the dynamic equations (2.1), (2.2) shown later in Section 6: even though (2.6) are
imposed on the boundary, the long-time limit of the numerical solution satisfies the relaxed form
(2.7), where b[v] is interpreted as the value of the numerical solution evaluated just inside ∂Ω.

While numerical simulations of the dynamic equations are presented in Section 6, the main
focus of the paper is the study of the equilibrium solutions v(x, y), τ (x, y) of system (2.1), (2.2).
Making use of (2.10), we deduce that equilibrium solutions v(x, y), τ (x, y) of system (2.1), (2.2)
satisfy the following conditions on Ω:

∇ · τ = 0, (2.11a)

|τ | ≤ 1, (2.11b)
{

Either plastic: τ × Rα∇v = 0 if |τ | = 1 and τ · ∇v > 0,

or elastic: ∇v = 0 otherwise,
(2.11c)

subject to boundary conditions (2.7) on ∂Ω.
In regions where the elastic case in (2.11c) holds, the velocity is constant, v(x, y) = v̄, and the

stress is underdetermined. We will refer to such regions as being rigid since they are moving at
uniform velocity. Note that a steady-state elastic response must be rigid. In regions where the
plastic case of (2.11c) holds, which will be called deforming regions, we will show below that this
system yields a hyperbolic system of equations.

In the following sections we will construct solutions of (2.11) by decomposing Ω = D ∪ R into
a deforming region, D, and a rigid region, R, and piecing together compatible plastic and elastic
states on subregions. Determining the conditions that hold at the interfaces between regions will
be a primary issue.

In deforming regions, we have |τ | = 1, so, as in [7], we can represent the stress variables τ (x, y)
in terms of an angle θ(x, y) that specifies the orientation,

τ =





− sin(θ + α)

cos(θ + α)



 , (2.12)

where α is inserted for convenience. Then, as mentioned above, the equations (2.11) for plastic
deformation become a hyperbolic system of two quasilinear equations

∂

∂x





θ

v



 +





tan(θ + α) 0

0 tan θ





∂

∂y





θ

v



 = 0. (2.13)
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The first equation, which decouples from the second, determines the stress. It has characteristics
that are straight lines

dθ

dx
= 0 on

dy

dx
= tan(θ + α), (2.14)

along which θ, and therefore τ , is constant. The characteristics are inclined at an angle θ + α to
the horizontal, and from (2.12) we see that τ is orthogonal to the characteristics, which we term
stress characteristics.

The second equation, which may be thought of as determining the velocity v, does not decouple
from the first. However, if θ is known, then the equation is linear. It has characteristics (the velocity
characteristics)

dv

dx
= 0 on

dy

dx
= tan θ, (2.15)

on which v is constant. In general, unless θ is constant, the velocity characteristics are curved.
The function φ in the boundary conditions (2.7) plays the major part in determining the elastic-

plastic structure of the solutions. For example, when φ(x, y) = x tanα + y, so that the sample is
being sheared uniformly along the y−axis, the formulae

v(x, y) = x tanα + y, τ (x, y) = (0, 1)T (2.16)

satisfy system (2.11) and boundary conditions and thus provide a steady state plastic (deforming)
solution, with |τ | = 1 and τ = Rα∇v/|∇v|. Note that due to the homogeneous-in-v form of (2.11),
the transformation φ → Cφ (where C is an arbitrary nonzero constant) provides other solutions
of the form v → Cv and τ → sign(C)τ . We refer to these as uniform linear solutions and we will
make use of them in constructing equilibrium solutions.

3 Analytical Solutions

In this section we solve the steady-state equations (2.11) subject to the relaxed boundary conditions
(2.7) with the specific choice of φ :

φ(x, y) = sign(y) (x tan α + y) on Γv. (3.1)

These data are consistent with a uniform solution (2.16) for large |y|, but the direction of τ is
reversed for large y and −y,

τ =

{

(0, 1)T y → ∞,

(0,−1)T y → −∞.

We are interested in how solutions accommodate this stress reversal in the transition from large
positive y to large negative y.

3.1 Analytical solutions with α = 0

(a) A particular solution

We begin with the case α = 0, for which the results are more straightforward. As we will show in
Section 5, the velocity is uniquely determined in this problem, but many different stress fields are
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Figure 3.1: Two different equilibrium solutions, α = 0. The shaded areas indicate the rigid region,
where v ≡ 1. In (a) the level curves of ψ (from (3.4)), which are integral curves of τ , are piecewise
linear; in (b) they are circular arcs.

possible. To start, we construct a particularly simple solution in which the stress vector τ = (p, q)
is piecewise constant:

v(x, y) = max(1, |y|), p(x, y) =

{

1 |y| < 1 − x

0 otherwise
, q(x, y) =











0 |y| < 1 − x

1 y > 1 − x

−1 y < −(1 − x).

(3.2)

This solution is shown schematically in Figure 3.1(a).

Let us explain how (3.2) satisfies the equations and boundary conditions. For |y| > 1, v(x, y) =
|y|, so ∇v 6= 0. Moreover, since τ · ∇v > 0, the deformation is plastic here. We deduce from (2.10)
that τ = (0,±1), for ±y > 1, respectively, as given by (3.2). Moreover, these values of τ are also
consistent with the boundary condition τN = 0 on the side {x = 1}.

A bounded rigid (i.e., non-deforming) region R = {0 < x < 1,−1 < y < 1}, in which the
velocity v ≡ 1 is constant, accommodates the reversal of stress direction. Within the region, the
solution is in elastic equilibrium. The elastic-plastic boundaries {y = ±1} are necessarily velocity
characteristics, since the velocity gradient jumps across them. Moreover, there is a shear band at
the boundary x = 0,−1 < y < 1; the relaxed boundary condition (2.7) is satisfied, but not the
Dirichlet condition (2.6).

The stress τ is piecewise constant; in particular, it is constant across the elastic-plastic bound-
aries y = ±1. However, it jumps across the lines y = ±(1 − x) in Figure 3.1(a). Since τ = (1, 0)
inside the triangle {|y| < 1− x}, τN is continuous across these lines, as required by the weak form
of the conservation law ∇ · τ = 0.
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(b) Construction of additional stress distributions in the rigid region.

In the rigorous argument to follow later (after Hill’s Theorem 5.2), we show that there are no
solutions without a rigid region, and that the velocity distribution (in the entire domain) is unique.
However, there are many stress distributions in the rigid region, as we now demonstrate.

An acceptable stress distribution τ satisfies

∇ · τ = 0, |τ | ≤ 1 in R = (0, 1) × (−1, 1), (3.3)

with τN specified everywhere on the boundary of R. To construct such functions, it is convenient
to introduce a scalar function ψ, analogous to a stream function, such that

τ = ∇⊥ψ = (∂yψ,−∂xψ)T . (3.4)

Thus τ is obtained from ∇ψ by a clockwise rotation of 90◦. In particular, ∇ψ, being orthogonal to
τ , is parallel to stress characteristics; correspondingly, τ is parallel to level curves of ψ. Moreover,
τN = ∂T ψ, the tangential derivative of ψ on the boundary of R, oriented counter-clockwise. Thus
an acceptable stress distribution τ = ∇⊥ψ that is continuous on the closure R of R satisfies the
compatibility condition

∫

∂R
τN ds =

∫

∂R
∂T ψ ds = 0. (3.5)

One such function ψ : R → R that can be written explicitly (and is also symmetric around the
x-axis):

ψ(x, y) =



















1 −
√

x2 + (1 − y)2, if
√

x2 + (1 − y)2 < 1

√

x2 + (1 + y)2 − 1, if
√

x2 + (1 + y)2 < 1

0, otherwise.

(3.6)

The arcs of circles shown in Fig. 3.1(b) are level curves of ψ, centered at (0,±1). Note that the
stress τ is tangent to the level curves, and vanishes in the region where ψ = 0.

This is just one of many functions ψ that define a stress distribution in the rigid region, as we
demonstrate in Subsection 3.2(b).

3.2 Analytical solutions with α > 0.

For α > 0, we first present the simple construction of the rigid region and a stress distribution
corresponding to the first solution in Fig. 3.1 of the previous subsection. However, this construction,
shown in Fig. 3.2, is valid only for α ≤ π/6. We then present a second construction that is valid
for all α.

(a) Simple construction.

For the solution shown in Figure 3.2(a), we have v(x, y) = |y + ax|, for large |y|, where a = tanα,
and τ = (0, sign y). Then τ = Rα

∇v
|∇v| , and the boundary condition on the side x = 1 is satisfied

for large |y|.
In the rigid region R, τ is inclined at an angle α to the horizontal; consequently, the lines of

stress discontinuity are inclined also, at an angle γ to the vertical, as shown in the figure. From
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Figure 3.2: Equilibrium solutions: (a) 0 ≤ α ≤ π
6 . (b) Boundary values for ψ. Remark: c = sec α.

the figure, in which a third angle β is labeled, we find 2γ − α = π/2 and γ + α + β = π/2, so
that β = π/4 − 3α/2. In particular, we have β > 0 if and only if α < π/6. Thus, the construction
of Figure 3.2(a) works only in this range. Note that the value c = sec α, marking the ends of the
shear band, is obtained from the compatibility condition (3.5).

(b) Multiple stress distributions and the method of barrier functions.

In the solution described in part (a) above, we selected a stress distribution that is at yield
everywhere in the rigid region. By relaxing this requirement, we are able to construct multiple
stress distributions in the rigid region, for arbitrary α > 0. This is achieved using the technique
of barrier functions, related to the scalar function ψ introduced above. As we shall see in specific
cases, the function ψ is typically specified on the boundary of the rigid region; it is the boundary
values that restrict the family of admissible stress distributions.

Let ψ0 be a given function on the boundary ∂R of a rigid region R, satisfying |∂T ψ| ≤ 1 and
the condition

∫

∂R
∂T ψ0 ds = 0. (3.7)

We wish to construct a continuous, piecewise smooth function ψ : R → R that satisfies the boundary
condition ψ = ψ0 on ∂R, and for which |τ | = |∇ψ| ≤ 1 in R.

A continuous function βU : R → R, that is piecewise C1 on R, is defined to be an admissible
barrier function at a point U ∈ ∂R if

βU (U) = ψ0(U), βU ≥ ψ0 on ∂R, and |∇βU | ≤ 1 in R. (3.8)
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Barrier functions are a classical construction for boundary value problems associated with elliptic
or parabolic PDE [8]. If there is a barrier function at each point U ∈ ∂R, and we set

ψ(x, y) = min
U∈∂R

βU (x, y), (3.9)

then ψ defines an admissible stress distribution τ = ∇⊥ψ.
For the example of this section, we construct stress distributions τ in the rigid region R with

boundary ABCD shown in Fig. 3.2(b). On this boundary, ψ is constrained by the boundary
conditions on τ (through (3.4)), and the requirement (3.7). In fact (recalling that from (3.4), we
have τN = ∂T ψ on ABCD), these conditions are enough to determine ψ up to an additive constant
on the boundary of R.

On the section AB of the boundary, where τ = (0, 1)T (from the plastic region above), we have
∇ψ = (−1, 0)T , so that τN = ∂T ψ = cosα. Choosing the arbitrary constant so that ψ = 0 at B,
we find ψ = s cos α, where s = (1 − x) sec α is the distance from B. Thus, ψ = 1 − x along AB.

On the section BC of the boundary, we have the boundary condition τN = 0, so that ∂T ψ =
∂yψ(0, y) = 0. Consequently, ψ is a constant; from continuity at B, we have ψ = 0 along BC.
Arguing as for the section AB, we deduce ψ = x − 1 along CD.

Finally, we determine ψ along the shear band AD. Here, we have v = c = sec α in the interior
of R, so that in the relaxed boundary condition (2.7), b[v] = c. Consequently, since φ(y) = |y| < c
on AD, the boundary condition becomes τN = − cos α. Thus ∂T ψ = − cos α, from which we obtain
ψ = y cos α on AD. This construction defines the boundary values ψ0 for ψ, shown in Fig. 3.2(b).

To construct ψ in the interior of R, we define two barrier functions: ψ1, based on the sides AB,
AD in Figure 3.2(b), and ψ2, based on the sides BC, CD in the figure:

ψ1(x, y) = 1 − r cos α, where r =
√

x2 + (y − sec α)2; ψ2(x, y) = x − 1.

It is easy to check that ψk(x, y) ≤ ψ0(x, y), k = 1, 2 at each point of the boundary ABCD. These
functions both have |∇ψ| ≤ 1. Consequently,

ψ(x, y) = max{ψ1(x, y), ψ2(x, y)} (3.10)

gives an acceptable stress distribution τ = ∇⊥ψ in R.
Similarly, we can construct a second stress distribution ψ̃ from barrier functions ψ̃1, ψ̃2 that are

barriers from above:

ψ̃1(x, y) = r cos α − 1, where r =
√

x2 + (y + sec α)2; ψ̃2(x, y) = 1 − x.

Then
ψ̃(x, y) = min{ψ̃1(x, y), ψ̃2(x, y)} (3.11)

defines an admissible stress distribution τ = ∇⊥ψ in R.

Remarks

1. Neither of the functions ψ, ψ̃ is symmetric about the midline y = 0, even when α = 0.

2. Both functions are themselves barrier functions, so that more stress distributions can be
generated by taking the maximum and minimum of combinations of these functions.

3. None of these solutions is restricted by the condition α < π/6 that we needed for the con-
struction in Fig. 3.2.
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4 Variational formulation of the case α = 0

Throughout this section we assume α = 0. We show that in this case the velocity in the solutions
of boundary-value problems for (2.11), both with the unrelaxed boundary conditions (2.6) and the
relaxed boundary conditions (2.7), may be characterized variationally. Difficulties about the nonas-
sumption of boundary conditions arise in several variational problems: for example, see Chapter
V of Ekeland and Temam [3] regarding minimal-surface problems and see Temam [13] regarding
problems in plasticity. In general, such issues arise when the integrand in the functional to be
minimized is not sufficiently coercive; in practice, that means that the integrand is asymptotic to
|∇v|p with p = 1, rather than p > 1, as |∇v| → ∞. Our discussion is abstracted, in simplified form,
from Temam [13].

In this section, we let Ω be an arbitrary bounded domain in R
2 with piecewise smooth boundary

∂Ω = Γτ ∪ Γv, where Γτ , Γv are disjoint sets, we consider a general boundary function φ, and we
use vector notation x = (x, y).

Proposition 4.1 If there exist functions v, τ that satisfy (2.11) with boundary conditions (2.6),
then v achieves the minimum of the functional

Φ(v) =

∫∫

Ω
|∇v(x)| dA (4.1)

over the set
V =

{

v ∈ W 1,1(Ω) : v = φ on Γv

}

. (4.2)

Remark. This result may be motivated by the observation that if ∇v 6= 0, then the Euler-Lagrange
equation for (4.1) is

∇ ·

[

∇v

|∇v|

]

= 0,

which results from (2.11) when τ is eliminated from the equations. The proof below also covers
cases when this equation becomes meaningless because v may contain a rigid region in which ∇v ≡ 0.

Proof. We shall need the following simple consequence of the Cauchy-Schwarz inequality.

Lemma 4.2 Let ξ0 ∈ R
2. If τ ∈ R

2 is related to ξ0 by either of the conditions

(a) ξ0 6= 0 and τ =
ξ0

|ξ0|
or (b) ξ0 = 0 and |τ | ≤ 1, (4.3)

then for all ξ ∈ R
2

|ξ| ≥ |ξ0| + τ · (ξ − ξ0). (4.4)

By (2.11), for all x ∈ Ω, if ξ0 = ∇v(x), then τ (x) satisfies either (4.3a) or (4.3b). Now suppose
u belongs to the admissable set V given by (4.2). For any x ∈ Ω, we apply Lemma 4.2 with
ξ = ∇u(x), and we then integrate over Ω to deduce that

∫∫

Ω
|∇u(x)| dA ≥

∫∫

Ω
|∇v(x)| dA +

∫∫

Ω
τ · (∇u(x) −∇v(x)) dA. (4.5)
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We integrate by parts in the second term of this inequality. The resulting area integral vanishes
since by (2.11), ∇ · τ = 0. The boundary term, with integrand τN (u − v), also vanishes since
u − v = 0 on Γv and τN = 0 on Γτ . Thus Φ(u) ≥ Φ(v).

The relaxed version of (4.1) contains an extra term involving boundary data:

Φrelx(v) =

∫∫

Ω
|∇v(x)| dA +

∫

Γv

|v − φ| ds, (4.6)

where ds indicates arc length. Unlike (4.1), the domain of Φrelx includes all functions in W 1,1(Ω).

Proposition 4.3 If there exist functions v, τ that satisfy (2.11) with boundary conditions (2.7),
then v achieves the minimum of the functional (4.6) over W 1,1(Ω).

Proof. Arguing as above and integrating by parts in (4.5), we may show that

∫∫

Ω
|∇u(x)| dA ≥

∫∫

Ω
|∇v(x)| dA +

∫

Γv

τN (u − v) ds, (4.7)

where now the boundary integral need not vanish. To handle the second term in (4.6), we need a
one-dimensional version of Lemma 4.2.

Lemma 4.4 Let ξ0 ∈ R. If γ ∈ R is related to ξ0 by either of the conditions

(a) ξ0 6= 0 and γ = sign (ξ0) or (b) ξ0 = 0 and |γ| ≤ 1, (4.8)

then for all ξ ∈ R

|ξ| ≥ |ξ0| + γ(ξ − ξ0). (4.9)

By (2.7), for all x ∈ Γv, if ξ0 = v(x) − φ(x), then γ = −τN (x) satisfies either (4.8a) or (4.8b).
Now suppose u ∈ W 1,1(Ω). For any x ∈ Γv, we apply Lemma 4.4 with ξ = u(x) − φ(x), and we
then integrate over Γv to deduce that

∫

Γv

|u − φ| ds ≥

∫

Γv

|v − φ| ds −

∫

Γv

τN (u − v) ds.

Adding this inequality to (4.7), we see that Φrelx(u) ≥ Φrelx(v).

We illustrate these functionals for the domain and boundary data (3.1) considered in Section 3.
Let

vε(x, y) =







|y| if |y| ≥ 1
|y| + x/ε if |y| < 1 and x < ε(1 − |y|)

1 if |y| < 1 and x ≥ ε(1 − |y|).
(4.10)

The functions vε form a minimizing sequence for (4.1) as ε tends to zero, but this sequence does
not converge in H1(Ω). It does converge in L1(Ω) to

v0(x, y) =

{

|y| if |y| ≥ 1
1 if |y| < 1,

(4.11)
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but regarding the boundary condition, v0(0, y) 6= |y| for −1 < y < 1. Thus (4.1) does not attain its
infimum over the set (4.2). On the other hand, the limit function (4.11) belongs to W 1,1(Ω) and
minimizes (4.6).

Incidentally, if v, τ solve (2.11) with boundary conditions (2.7), then τ solves the dual problem
to (4.6). Specifically, τ minimizes

−

∫

Γv

τN φds

over the set

S =
{

τ ∈ L2(Ω, R2) : ∇ · τ = 0 and τN = 0 on Γτ = ∂Ω ∼ Γv

}

.

See Temam [13] for details.

5 Uniqueness Issues

In this section, we explore issues of uniqueness and nonuniqueness rigorously. The situation is
markedly different for α = 0 and α > 0. In summary, for α = 0, a version of Hill’s theorem provides
uniqueness outside rigid regions, whereas no such theorem holds for α > 0, as we demonstrate with
an example.

5.1 Hill’s theorem and nonuniqueness; α = 0.

A classical result that bears on uniqueness issues is provided by Hill’s theorem, which, roughly
speaking, guarantees uniqueness of steady state stress distributions wherever there is a possibility
of deformation. However, Hill’s theorem holds only in the associative case α = 0; in the next
subsection we provide an argument that shows the result fails for α > 0.

Consider the steady state equations (2.11) with α = 0 on a bounded domain Ω with piecewise
smooth boundary ∂Ω. A preliminary lemma concerns the boundary conditions (2.7), where ∂Ω =
Γv ∪ Γτ . Note that we are considering a general continuous boundary function φ.

Lemma 5.1 Let v1, τ 1 and v2, τ 2 be solutions of the equilibrium equations (2.11) with α = 0, and
boundary conditions (2.7). Let u = v1 − v2, σ = τ 1 − τ 2. Then

uσN ≤ 0 on ∂Ω = Γv ∪ Γτ . (5.1)

Proof. On Γτ , we have σN = 0, so the inequality is satisfied there. On Γv, we consider four cases:
(1) v1 = v2 = φ;
(2) v1 6= φ, v2 = φ;
(3a) v1 6= φ, v2 6= φ, sign(v1 − φ) = sign(v2 − φ);
(3b) v1 6= φ, v2 6= φ, sign(v1 − φ) = −sign(v2 − φ).

In Case 1, u = 0, so the inequality (5.1) is satisfied. In Case 2,

uσN = (v1 − φ)(τ 1N − τ 2N ).

But τ 1N = −sign(v1 − φ), and since |τ 2N | ≤ 1, we have

−sign(v1 − φ) = sign τ 1N = sign (τ 1N − τ 2N ).
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Thus uσN ≤ 0.
In Case 3a, τ 1N = τ 2N = −sign(vi − φ), so σN = 0.
Finally, in Case 3b, we assume without loss of generality that v2 < φ < v1. Then u = v1−v2 > 0.

Moreover,
σN = τ 1N − τ 2N = (−1) − (+1) = −2.

Thus, uσN ≤ 0.

We say that U ⊂ R
2 is a deformable region if for each x ∈ U there is a stress-velocity pair (τ , v)

satisfying the equations in U with the property that at each point of U, |τ | = 1 and ∇v = λτ , for
some positive function λ : U → R. In this context, Hill’s theorem [5] may be stated as follows.

Theorem 5.2 (Hill’s theorem) Let v1, τ 1 and v2, τ 2 be piecewise C1 solutions of the equilibrium
equations (2.11) with α = 0, and boundary conditions (2.7). Let U ⊂ Ω be a region in which both
τ 1 and τ 2 are continuous, and with the property that at each point of U, one of the stress-velocity
pairs is deforming, meaning that, for k = 1, or k = 2,

|τ k| = 1 and ∇vk = λkτ k, (5.2)

for some λk > 0. Then τ1 = τ2 in U.

Remarks

1. The hypothesis requires that one of the stress-velocity pairs be deforming at each point, but
in principle, k could be different at different points, for example if U were disconnected.

2. The conclusion is that the stress is unique in the deformable region. Consequently, the stress
is at yield throughout the deformable region. However, one of the velocities could be constant
in some subset of the deformable region, corresponding to a rigid zone.

3. Outside the deformable region, there is no guarantee that the two stresses agree. Indeed,
we have seen in the examples that when there is a rigid region, the stress distribution is not
uniquely defined.

Proof. Let σ = τ 1 −τ 2, u = v1 − v2. Then from Lemma 5.1, we have u σ ·N ≤ 0 at each point
of the boundary ∂Ω.

We show next that ∇u ·σ ≥ 0 throughout Ω. First note that at points (outside U) where neither
solution is deforming, we have ∇u = 0, so that ∇u · σ = 0. Now consider a point in U. Then one
of the two solutions is deforming, say (5.2) with k = 1. (The case k = 2 is treated symmetrically.)
Then |τ 1| = 1, so that

∇u · σ = λ1 + λ2|τ 2|
2 − (λ1 + λ2)τ 1 · τ 2. (5.3)

If τ2, v2 is not deforming, then ∇v2 = 0, so that λ2 = 0. On the other hand, if τ2, v2 is deforming,
then |τ 2| = 1. In either case, equation (5.3) reduces to

∇u · σ = (λ1 + λ2)(1 − τ 1 · τ 2) ≥ 0.

It now follows that
∇u · σ = 0 implies τ 1 = τ 2. (5.4)
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Integrating over the entire domain Ω, we obtain

0 ≤

∫

Ω
∇u · σ dA =

∫

∂Ω
uσ · N ds −

∫

Ω
u∇ · σ dA ≤ 0, (5.5)

the final inequality following from Lemma 5.1 and ∇ · σ = 0. Thus, ∇u · σ = 0 almost everywhere
in Ω, from which we deduce from (5.4) and continuity in U that τ 1 = τ 2 in U.

In the following theorem, we apply Hill’s Theorem to the specific problem of Subsection 3.1.

Theorem 5.3 If (τ (x, y), v(x, y)) is a piecewise C1 solution of the boundary value problem (2.7),(2.11),
(3.1) with α = 0, then the velocity field v(x, y) is (uniquely) given by v = |y| for |y| ≥ 1, and v = 1
for |y| ≤ 1.

Proof. First note that τ = (0, sign y)T is given uniquely in the region |y| ≥ 1, since this is a
deformable region (as shown by the constructions in Section 3). Consequently, (stress and velocity)
characteristics are horizontal in this region. Since v is constant on characteristics, and τN = 0 on
the left boundary, we deduce from (2.7) that b[v](0, y) = φ(0, y). Hence, v(x, y) = φ(0, y) = |y| is
uniquely determined in the deformable region |y| > 1.

In the region |y| ≤ 1 we have constructed two stress fields that are unequal at every interior
point (and v is constant in each case). Now consider a general solution. For this solution, if the rigid
region were strictly smaller than the rectangle |y| ≤ 1, then the remaining part of this rectangle
would be deformable. By Hill’s Theorem, the stress τ is uniquely specified in this remaining region,
contradicting our observation that there are two stress fields that are different at every point in the
rectangle. Therefore, the rigid region is precisely the rectangle |y| ≤ 1, from which it follows that
v = 1 throughout this region, and therefore, v(x, y) is unique.

5.2 Nonuniqueness for α > 0

In this subsection we show that Theorem 5.2 fails for the case α > 0. Let Ω be the infinite strip

Ω =
{

(x, y) ∈ R
2 : 0 < x < 1

}

.

Consider a solution of (2.11) such that the velocity is linear and the stress is constant:

v(x, y) = y, τ = (− sin α, cos α)T .

Note that for this solution all of Ω is a deforming region. We shall construct other solutions1 of
(2.11) with different stress fields that satisfy the same Dirichlet boundary conditions

v(0, y) = v(1, y) = y, −∞ < y < ∞. (5.6)

The velocity in these solutions will be continuous, while the stress will have jumps along curves
across which τN is continuous.

Remarks This boundary value problem is slightly different from the specific example of earlier
sections, in that (i) the domain is unbounded and (ii) v is specified on both the left and right sides
of Ω. However, at the end of Subsection 5.2 we observe that the construction may be extended

1We shall construct infinitely many solutions. In the notation from later in this section, we obtain a different
solution for every value of b satisfying (5.7) and for every sufficiently small value of ε.
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Figure 5.1: Construction of rigid regions R0, R1 within the fundamental domain Ωb.

to bounded rectangle. Regarding applying Theorem 5.2 to prove uniqueness in the case α = 0,
specifying v on both sides of Ω is more restrictive: in integrating along velocity characteristics
to show the velocity field is unique, one could choose the initial point to be on either side of the
domain.

To construct multiple solutions on the domain Ω, we begin by choosing b ∈ R such that

0 < b <
1

3
tan α. (5.7)

Our solutions of (2.11) will be b-periodic in y; by this we mean that

(a) τ (x, y + b) = τ (x, y)

(b) v(x, y + b) = v(x, y) + b. (5.8)

(Strictly speaking, the strain rate ∇v is periodic while v has linear growth in y.) First we will
define a solution of (2.11) on the period rectangle

Ωb = {0 < x < 1, 0 < y < b} .

On this region the solution will have the structure illustrated in Figure 5.1: i.e., with rigid regions
R0 and R1 at the bottom and top of Ωb in which

v ≡ 0 on R0, v ≡ b on R1, (5.9)

and on Ωb − R, where R = R0 ∪ R1, the strain rate ∇v nonvanishing. This construction of the
solution on Ωb involves several steps:

Step 1 Define a function θ(x, y) on the deforming region Ωb − R such that (see (2.12))

τ (x, y) = (− sin[θ(x, y) + α] , cos[θ(x, y) + α] )T (5.10)

satisfies the stress equations. (As part of this step we identify the rigid regions R0 and R1.)

Step 2 Define the velocity v on Ωb − R.
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Step 3 Having extended the velocity to Ωb by (5.9), extend (5.10) to a divergence-free stress field
on Ωb that satisfies |τ | ≤ 1 on R.

The solution v, τ on the entire strip Ω may then be obtained by periodic continuation.
Symmetry under the reflection through the midpoint of Ωb,

(x, y) 7→ (1 − x, b − y) (5.11)

will play a key role in the above construction.
Step 1: If τ is a stress field of the form (5.10) that satisfies (2.11), then stress characteristics

have slope tan[θ(x, y) + α]. Since stress characteristics are straight lines, we deduce that θ must
satisfy

∂xθ + tan(θ + α)∂yθ = 0. (5.12)

y

x0 11 2

b

a

α

α

/

Figure 5.2: Stress characteristics used in Step 1.

Let us construct an auxiliary function θ̃ by solving (5.12) in a region as sketched in Figure 5.2,
subject to the initial condition

θ̃(0, y) = εQ(y), a ≤ y ≤ b, (5.13)

where Q is the quadratic function2

Q(y) = −y(b − y) (5.14)

and ε is a small parameter subject to several conditions below; in particular, we assume that ε is
small enough that no characteristics in the solution to this problem cross in the strip {0 < x < 1/2}.
The lower limit a in (5.13), which is negative, is chosen such that, as sketched in Fig. 5.2, the
characteristic that originates at (0, a) passes through (1/2, 0). Thus θ̃ is defined on a domain that
includes (the closure of) the left half of Ωb,

{0 ≤ x ≤ 1/2, 0 ≤ y ≤ b} . (5.15)

If θ̃ is used to define a stress field τ̃ as in (5.10), then stress characteristics have slope tan(θ̃+α),
and the associated velocity characteristics have slope tan θ̃ (which is of order ε).

2The choice of the function Q is arbitrary, apart from the shape of its graph. Consequently, there is an infinite-
dimensional family of solutions constructed by the method of this subsection.
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Figure 5.3: Velocity characteristics.

Consider the two velocity characteristics y = ℓ̃(x) and y = ũ(x) sketched in Figure 5.3: i.e.,
solutions of the initial value problems for 0 ≤ x ≤ 1/2

(a) dℓ̃
dx = tan θ̃(x, ℓ̃(x)), ℓ̃(0) = 0

(b) dũ
dx = tan θ̃(x, ũ(x)), ũ(0) = b. (5.16)

We will use ℓ̃ and ũ to construct the lower and upper boundaries of Ωb − R. For the construction
we will need the following estimates.

Lemma 5.4 For small ε, the solution θ̃ of (5.12, 5.13) has the expansion

θ̃ = εθ̃1 + O(ε2x)

where
θ̃1(x, y) = Q(y − x tan α). (5.17)

Moreover, the gradient of θ̃ has a similar expansion

∇θ̃ = ε∇θ̃1 + O(ε2x). (5.18)

(In these estimates, O(ε2x) denotes a bound that is uniform on the set (5.15).)

Proof: θ̃ may be characterized as the solution of the implicit equation

θ̃(x, y) = εQ( y − x tan[θ̃(x, y) + α] ). (5.19)

We see from (5.17) and (5.19) that

θ̃(x, y) − εθ̃1(x, y) = εQ( y − x tan[θ̃(x, y) + α] ) − εQ(y − x tan α). (5.20)

By (5.19), we have θ̃ = O(ε); (5.17) follows on substituting θ̃ = O(ε) into (5.20) and invoking the
mean-value theorem. The estimate (5.18) on the gradient may be obtained by differentiating (5.19)
and proceeding similarly.
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It follows from (5.16a) and Lemma 5.4 that

ℓ̃(x) = O(εx), (5.21)

but the next lemma gives a more precise estimate. It is convenient to work with the derivative of
ℓ̃ rather than ℓ̃ itself.

Lemma 5.5 For small ε > 0, the solutions of (5.16) have expansions such that

(a) ℓ̃′(x) = εx tan α (b + x tan α) + O(ε2x),

(b) ũ′(x) = −εx tan α (b − x tanα) + O(ε2x), (5.22)

uniformly in x ∈ [0, 1
2 ].

Proof: Adding and subtracting tan θ̃(x, ℓ̃(0)) from (5.16a) and recalling that ℓ̃(0) = 0, we obtain

dℓ̃

dx
= tan θ̃(x, 0) +

{

tan θ̃(x, ℓ̃(x)) − tan θ̃(x, 0)
}

(5.23)

By the mean-value theorem, we may estimate the second term on the right in (5.23) by (a constant
times)

|ℓ̃(x)| sup
y

|∂y θ̃(x, y)|,

and this is O(ε2x) by (5.18) and (5.21). Regarding the first term on the right in (5.23), note from
Lemma 5.4 that

θ̃(x, 0) = εQ(−x tan α) + O(ε2x) = O(εx),

where we have used (5.14). Thus,

tan θ̃(x, 0) = θ̃(x, 0) + O( [θ̃(x, 0)]3 ) = εQ(−x tan α) + O(ε2x),

and (5.22a) follows on recalling (5.14). The derivation of (5.22b) is similar.

Since ℓ̃′(x) > 0 for x 6= 0, the velocity characteristic y = ℓ̃(x) enters the rectangle Ωb. By
reducing ε if necessary, we may ensure that this characteristic stays inside Ωb, and even stays inside
its lower half: i.e., that

ℓ̃(x) < b/2, 0 ≤ x ≤ 1/2. (5.24)

Similarly ũ′(x) < 0 for small x, so the characteristic y = ũ(x) also enters Ωb, and by reducing ε we
may ensure that it remains above the line {y = 1

2}.. However, at a point x∗ ≈ b/2 the derivative
vanishes, and ũ′(x) > 0 for all x > x∗. We claim that, because of these positive slopes, the upper
velocity characteristic in fact exits Ωb somewhere in the range x∗ < x < 1/2; i.e., that

ũ(1/2) > b.

To see this, we note from Lemma 5.5 that

ũ(1/2) = b +

∫ 1/2

0
ũ′(s) ds = b − ε

∫ 1/2

0
s tan α (b − s tan α) ds + O(ε2).

The claim follows from (5.7) after evaluating the integral.

We need one further result before continuing with the construction of Ωb − R.
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Lemma 5.6 For any β < 1
2 such that ũ′(β) > 0, there is a choice of β1 < β such that

ℓ̃′(β1) = ũ′(β). (5.25)

Proof: From Lemma 5.5, ℓ̃′(β) > ũ′(β). But ℓ̃′(0) = 0, so the result follows from the Intermediate
Value Theorem.

We will define curves y = ℓ(x) and y = u(x), where 0 ≤ x ≤ 1, such that the various subregions
of Ωb are given by

R0 = {0 ≤ x ≤ 1, 0 ≤ y ≤ ℓ(x)}

R1 = {0 ≤ x ≤ 1, u(x) ≤ y ≤ b}

Ωb − R = {0 < x < 1, ℓ(x) < y < u(x)} .

Divide [0, 1] into three subintervals using dividing points β1 < β2, where β2 > 1
2 is to be chosen

below, and β1 is given by Lemma 5.6 (with β = 1− β2). On the outside two subintervals we define

ℓ(x) =

{

ℓ̃(x) if 0 ≤ x ≤ β1

L̃(x) if β2 ≤ x ≤ 1
,

where L̃ is the reflection of ũ under (5.11),

L̃(x) = b − ũ(1 − x); (5.26)

and on the middle subinterval we define ℓ by linear interpolation,

ℓ(x) = ℓ̃(β1) +
L̃(β2) − ℓ̃(β1)

β2 − β1
(x − β1) if β1 ≤ x ≤ β2.

We claim that β2 may be chosen so that ℓ is continuously differentiable on [0, 1]. At one extreme,
consider choosing β2 close to the point where L̃ has a horizontal tangent. Provided L̃′(β2) > 0, we
may recall (5.26) and use Lemma 5.6 to show there exists a β1 such that

ℓ̃′(β1) = ũ′(1 − β2) = L̃′(β2). (5.27)

For this choice of β1 and β2, the tangents to ℓ̃ and L̃ miss one another as shown in Figure 5.4(a). At
the other extreme, consider choosing β2 to be the point where y = L̃(x) leaves Ωb: i.e., L̃(β2) = 0.
If β1 satisfies (5.27), then the two tangents miss one another in the opposite sense, as shown in
Figure 5.4(b). By continuity, there is an intermediate case in which the tangents coincide, and for
this choice of β1 and β2, linear interpolation yields a C1 function. Having defined ℓ, we then define
u by reflection,

u(x) = b − ℓ(1 − x). (5.28)

To complete Step 1, we divide the deforming region Ωb − R into three pieces as sketched in
Figure 5.5. Let

θ(x, y) =







θ̃(x, y) for (x, y) ∈ U1

const for (x, y) ∈ U2

θ̃(1 − x, b − y) for (x, y) ∈ U3.

(5.29)
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Figure 5.4: Choosing β2 in Step 1.
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Figure 5.5: β1, β2 in Step 1.

Note that, for τ defined by (5.10), the lines separating adjacent U ’s are stress characteristics. In
particular, θ is constant along these lines, and for an appropriate constant (5.29) gives a continuous,
piecewise-C1 function. Moreover, this function has the symmetry

θ(1 − x, b − y) = θ(x, y). (5.30)

Step 2: The velocity characteristics associated with θ(x, y) are solutions of

dy

dx
= tan θ(x, y(x)).

These curves fill Ωb −R. A function v(x, y) satisfies (2.11)(d) in Ωb −R if and only if it is constant
along each velocity characteristic. Thus there is a solution of (2.11) satisfying (5.6) provided that,
for all y in [0, 1], the velocity characteristic that starts at (0, y) terminates at the same height;
i.e., at (1, y). By Lemma 3.1 of [7], velocity characteristics are level sets of a function T (x, y) that
satisfies

∇T (x, y) = eθ(x,y) cot α

[

− sin θ(x, y)
cos θ(x, y)

]

. (5.31)
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(In particular, it is shown in the proof of that result that the RHS of (5.31) is a gradient.) Therefore
it is a consequence of the following lemma that there is a solution v of (2.11c) in Ωb −R satisfying
(5.6).

Lemma 5.7 If T (x, y) is a solution of (5.31), then

T (0, y) = T (1, y), 0 ≤ y ≤ b. (5.32)

Proof: T is constant along every velocity characteristic, and in particular along y = ℓ(x). Thus,
(5.32) is satisfied for y = 0. We claim that moreover

∂yT (0, y) = ∂yT (1, y),

from which the lemma follows. Note from (5.13, 5.14) that θ(0, b − y) = θ(0, y); i.e., the boundary
values of θ are symmetric under reflection in y through b/2. Moreover, θ also has the symmetry
(5.30). Thus, applying these two reflections in sequence, we conclude that

∂yT (0, y) = eθ(0,y) cot α cos θ(0, y)

= eθ(0,b−y) cot α cos θ(0, b − y)

= eθ(1,y) cot α cos θ(1, y) = ∂yT (1, y),

as claimed.

Step 3: Our task is to extend the stress field constructed in Step 1 from Ωb − R to Ωb to be
divergence-free and satisfy |τ | ≤ 1. It is convenient to let û(x) = u(x)− b and to define the vertical
translate of R1,

R̂1 = {0 ≤ x ≤ 1, û(x) ≤ y ≤ 0} .

Rather than construct τ on two disconnected sets R0 and R1, we will do so on the connected set
R̂ = R0 ∪ R̂1. Then, making the obvious identification between points of R̂1 and R1, we shall
consider the extended stress as a function on Ωb ∪ R̂1, and the stress will be continuous on that set.
This approach will facilitate checking that the periodic extension of τ is continuous.

The stress we construct will be continuous on Ωb∪R̂1 but not C1. However, it will be divergence-
free on Ωb ∪ R̂1 in the generalized sense provided the normal component τN in continuous across
the boundary curves y = ℓ(x) and y = u(x). Since for the solution on Ωb − R these curves are
velocity characteristics, which make an angle α with stress characteristics, we have

τN (x, ℓ(x)) = τN (x, u(x)) = cos α. (5.33)

To define τ on R̂, we use a stress function:

τ = (∂yψ, −∂xψ)T ,

which guarantees that τ is divergence-free on R̂. We seek a stress function of the form

ψ(x, y) = −ψ0(x) − yψ1(x)

where ψ0 and ψ0 are odd and even, respectively, under the reflection x 7→ 1− x. Differentiating ψ,
we find that

τ (x, y) = (−ψ1(x), ψ′
0(x) + yψ′

1(x) )T . (5.34)
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Thus, equations (5.33) require that

1

[1 + (ℓ′)2]1/2

{

ψ′
0 + (ℓψ1)

′
}

= cosα,
1

[1 + (û′)2]1/2

{

ψ′
0 + (ûψ1)

′
}

= cos α. (5.35)

Subtracting these equations and integrating, we obtain

ψ1(x) =
cos α

ℓ(x) − û(x)

∫ x

0

{

(1 + (ℓ′)2)
1

2 − (1 + (û′)2)
1

2

}

ds (5.36)

Lemma 5.8 There is a constant C such that for all x

(a) |ψ1(x)| ≤ Cε, (b) |ψ′
1(x)| ≤ Cε. (5.37)

Proof: The idea of the proof is to observe that the integrand in (5.36) is approximately [(ℓ′)2 + (û′)2]/2 ,
which is O(ε2), while the denominator ℓ− û is O(ε). However, the denominator vanishes as x → 0
or x → b, so more care is required.

By symmetry, it suffices to verify (5.37) for 0 ≤ x ≤ 1/2. From Lemma 5.5 we conclude that
there is a constant C such that ℓ′(x) ≥ C−1εx, and integrating we obtain ℓ(x) ≥ C−1εx2/2. Since
û ≤ 0, it follows that

(ℓ − û)(x) ≥ C−1εx2/2.

On the other hand, by Lemma 5.5, the integrand in (5.36) is O(ε2x2), and thus (5.37a) follows.
Similarly, we may differentiate (5.36) to obtain (5.37b). In this latter estimate it is crucial that

the lower limit in the integral (5.36) is zero so that the integral is O(ε2x3).

We conclude from Lemma 5.8 and (5.35) that

ψ′
0(x) = cos α + O(ε2),

from which, together with Lemma 5.8 and (5.34), it follows that |τ | < 1 on R̂. This completes
Step 3.

It remains only to extend the solution to be periodic on Ω, and then the construction on the
unbounded domain is finished.

Finally, to make this construction work on a bounded domain

ΩL = {(x, y) : 0 < x < 1,−L < y < L} ,

we take Dirichlet boundary conditions v = y on ∂ΩL. The construction then works for choices of b
with b = L/N, for integer N, and satisfying (5.7).

6 Numerical studies

In this section, we consider a finite-difference approximation of the dynamic equations (2.1), (2.2).
Discretize the unit interval into N equal segments and let ∆x = 1/N denote the mesh size. As
indicated in Figure 6.1, we approximate the velocity field v(x, y, t) by its values on the lattice points
(i∆x, j∆x),

vi,j(t) ≈ v(i∆x, j∆x, t), (6.1)
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∆

Figure 6.1: The stencils used in the finite difference scheme used in (6.5). Velocities and stresses
are given on staggered grids: the solid circles at grain centers are velocity values, open circles at
grain corners indicate stress values. Left: the five-point stencil for the velocity evolution equation.
Right: the five-point stencil for the stress evolution equation.

and stress τ (x, y, t) on a staggered mesh,

τ i,j(t) ≈ τ ([i + 1
2 ]∆x, [j + 1

2 ]∆x, t). (6.2)

To reduce subscript notation, we will write the components of the stress as

τ (x, y, t) = (p(x, y, t) , q(x, y, t) ).

We shall approximate derivatives of scalar-valued functions w(x, y) by finite-differences

δxwi,j ≡
[wi+1,j+1 + wi+1,j ] − [wi,j+1 + wi,j ]

2∆x
=

∂w

∂x

∣

∣

∣

∣

i∆x,[j+
1
2 ]∆x

+ O(∆x2) (6.3)

δywi,j ≡
[wi+1,j+1 + wi,j+1] − [wi+1,j + wi,j ]

2∆x
=

∂w

∂y

∣

∣

∣

∣

[i+
1
2 ]∆x,j∆x

+ O(∆x2) (6.4)

Using this notation, the governing PDEs (2.1), (2.2) can be approximated in the semi-discrete
(i.e. spatially discrete) form by the system of ODEs,

d

dt





vi,j

pi,j

qi,j



 = F (δxvi,j , δyvi,j , δxpi−1,j , δyqi,j−1 , pi,j , qi,j ) , (6.5)

with

F (vx, vy, px, qy, p, q) =









px + qy

G

[(

vx

vy

)

−
χ(p2 + q2)

cos α
Ψ(pvx + qvy)R

−1
α

(

p
q

)]









, (6.6)

Note that (6.5) is formally a second-order accurate approximation for smooth solutions of (2.1),
(2.2) as ∆x → 0. Boundary conditions for (6.5) will be considered below.

24



t

E
v
(t

)

9630

0.1

10−2

10−3

Figure 6.2: Numerical convergence to solution (6.7) with γ = π/4 starting from relatively large
initial perturbations (|v0(x, y) − V (x, y)| ≤ 0.1) as measured in the L∞ error norm of the velocity,
Ev(t) ≡ ||v(x, y, t) − V (x, y)||∞ for (6.5) with G = 100.

6.1 Simulations of linear solutions in a deforming region

As a test problem for this numerical scheme, we simulate a family of uniform linear solutions that
generalizes (2.16). Specifically, for any angle γ,

v = V (x, y) = y + x tan(α − γ), p = P (x, y) = − sin(γ), q = Q(x, y) = cos(γ) (6.7)

is a continuous steady-state solution of (2.1), (2.2) that is at yield everywhere. For this test problem,
working on the unit square 0 ≤ x, y ≤ 1, we study (6.5) subject to the boundary conditions,

v(x, 0, t) = V (x, 0), v(x, 1, t) = V (x, 1), v(0, y, t) = V (0, y), p(1, y, t) = P (1, y). (6.8)

The Dirichlet boundary conditions on the velocity v can be imposed in a straightforward manner.
In order to maintain second-order accuracy for the stress boundary condition (i.e., τ · N = 0 for
x = 1), we modify the stencil at x = 1 using one-sided finite-differences for derivatives of v and the
tangential component of the stress. As a consequence of the second-order accuracy of (6.5), the
linear profile (6.7) is an exact solution of the discretized problem for all α and γ.

Considering the case α = 0 first, we carried out a series of simulations to establish the conver-
gence of the numerical scheme. We started with initial data given by (6.7) plus small random spatial
perturbations. At least for sufficiently large G, such initial perturbations are expected to dissipate
because, as was shown in [12], the system (2.2) has a parabolic limit for G → ∞. We describe such
dissipation in terms of the L∞ “error” norm of the velocity Ev(t) ≡ ||v(x, y, t) − V (x, y)||∞, and
similarly for p and q. We found that, for all γ and for appropriately large G, as t → ∞, the solution
does indeed converge approximately to the steady state (6.7); this is illustrated in Figure 6.2 for
G = 100 and γ = π/4.

However, even though (6.7) is an exact steady-state solution of (2.1), (2.2), the error norm Ev(t)
does not converge precisely to zero. Rather, the numerical solution exhibits small, sustained spatial
and temporal oscillations around the steady-state solution. The amplitude of these oscillations
depends only on the mesh parameters ∆x and ∆t; in particular, it is independent of the size of the
initial perturbation. For fixed ∆x and taking ∆t → 0, the magnitude of the error Ev(t) at large
time is observed to be bounded and proportional to the time-step; that is, explicit “method of lines”
numerical solutions of (6.5) are only first-order accurate in time, O(∆t). This behavior also holds
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Figure 6.3: Numerically calculated bifurcation diagram from the equilibrium solution (6.7) as a
function of α for fixed ∆x. The steady solution loses stability to a finite-amplitude oscillatory
solution for α > αc. For comparison with the continuum problem, the critical value scales with
the mesh lengthscale as αc = O(∆x) as ∆x → 0 and similarly for the amplitude of the bifurcated
solution.

for high-order-of-accuracy time-stepping schemes; in particular, first-order forward Euler, second-
order modified Euler, and fourth-order Runge-Kutta all yielded equivalent results. This behavior
presumably stems from the fact that (6.6) is not differentiable because of the yield condition,
χ(|τ |2).

Similarly, if α is positive but not too large, numerical solutions converge approximately (with
residual fluctuations) to the steady-state solution (6.7) of the continuum problem as t → ∞.
However, when α exceeds a critical value αc, the magnitude of the errors changes dramatically, see
Figure 6.3. The steady state (6.7) appears to lose stability at α = αc in a fashion similar to a
subcritical Hopf bifurcation (Cf. the bifurcation in [14, 12]). The observed numerical solutions for
α > αc exhibit nontrivial spatial structure, including spatial and temporal oscillations. We have
not attempted to analyze this loss of stability. In the following simulations of steady solutions with
a rigid region, we restrict our attention to the case α = 0.

6.2 Simulation of solutions with a rigid region for α = 0

(a) A basic example

We consider numerical solutions of (6.5) on the domain Ω = {0 < x < 1, −L < y < L} with the
unrelaxed boundary conditions (2.6) for t > 0,

v(0, y, t) = |y|, v(x, L, t) = L, v(x,−L, t) = −L, p(1, y, t) = 0. (6.9)

Repeating (3.2), a steady-state solution of the continuum problem (2.11) with the relaxed version
of (6.9) (see (2.7)) is given by

v(x, y) = max(1, |y|), p(x, y) =

{

1 |y| < 1 − x

0 else
, q(x, y) =











0 |y| < 1 − x

1 y > 1 − x

−1 y < −(1 − x)

(6.10)

This solution satisfies conditions (6.9) everywhere except on the segment {x = 0,−1 < y < 1} of
the boundary; this mis-match is interpreted as a shear band.
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Figure 6.4: The numerically computed pseudo-steady velocity for α = 0.

Starting from initial data given by (6.10) plus small random perturbations, the numerical solu-
tion remains close to (6.10) everywhere in the interior of Ω. More precisely, following a rapid initial
transient, whose dynamics are independent of ∆t, the numerical solution exhibits small-amplitude
oscillations around a “pseudo-steady-state”. The velocity in this pseudo-steady state is shown in
Figure 6.4; it is not identical to the continuum solution (6.10), but is close to it (i.e., within the
order of accuracy of (6.5)). Figure 6.6 shows the components of the stress for the pseudo-steady
solution from this simulation.

This example provides partial justification for the relaxation of the boundary conditions (2.6)
to (2.7): i.e., even though the numerical solution of (6.5) is required to satisfy the strict boundary
conditions (2.6) along Γv, just inside ∂Ω, along the shear band, the solution “ignores” the boundary
function φ and satisfies (2.7) instead.

As illustrated by the graph of the error norm3 Ev(t) in Figure 6.5(left), this pseudo-steady
state is maintained by the numerical scheme for moderate times, t ≤ O(1/∆t), after which fur-
ther numerical instabilities enter. These secondary instabilities, which appear around t = 20 in
Figure 6.5, are dominant in the rigid region, where the solution is not necessarily at yield (cf.
Figure 6.5(right)). These instabilities appear to be standing waves with amplitudes that scale like
O(∆t). We conjecture that they are related to the lack of uniqueness of the stress field in the rigid
region in this problem since this long-time behavior is not observed for the problem with boundary
conditions (6.8), for which the solutions have no rigid region.

(b) Nonuniqueness of the stress field

To illustrate nonuniqueness, we generate different solutions by changing the initial data. Figure 6.6
shows the pseudo-steady stress obtained starting from the initial data (6.10) above; Figure 6.7
shows the computed solution starting from initial data

v(x, y, 0) = |y|, p(x, y, 0) = 0, q(x, y, 0) =

{

1 y > 0,

−1 y < 0.
(6.11)

3Evaluated on the interior of the domain Ω to discount the discontinuity of the velocity at the shear band.
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Figure 6.5: (left) Evolution of the L∞ error norm of the velocity, Ev(t) ≡ ||v(x, y, t) − V (x, y)||∞,
showing the dependence of the error on the parameters in the numerical simulation of the discrete
system (6.5) with initial data (6.10). Here the “pseudo-steady” solution is maintained until about
t ≈ 20. (right) The same error norm shown restricted to deforming regions D (curve with dots)
and the rigid region R (no dots), Ev = max(Ev(D), Ev(R)), in order to distinguish sources of error.
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Figure 6.6: The numerically computed pseudo-steady values for the components of the stress (p, q)
(left and middle respectively) and the magnitude of the stress |τ | (right), starting from initial data
(6.10). As expected, deviations from yield occur only within the rigid region, −1 ≤ y ≤ 1, and the
deviations are relatively small (the shaded set, shown in the xy plane on the right, covers the range
0.9 ≤ |τ | < 1.

In Figure 6.8, we show the solution with initial data

v(x, y, 0) = |y|, (p(x, y, 0), q(x, y, 0)) =











(∂yψ(x, y),−∂xψ(x, y)) |y| < 1

(0, 1) y > 1

(0,−1) y < −1,

(6.12)

where ψ is given by (3.6). Formulas (6.10) and (6.12) give the solutions of (2.11a–2.11c) that are
illustrated in Figure 3.1; (6.11) satisfies (2.11) in Ω except for the stress jump at {y = 0}.

Although the pseudo-steady velocity fields for these three initial value problems are indis-
tinguishable (cf. Figure 6.4), the stresses are quite different. Consistent with the discussion of
nonuniqueness in Section 5, the significant differences in the stresses are confined to the rigid
region {|y| ≤ 1}.
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Figure 6.7: The numerically computed pseudo-steady values for the components of the stress (p, q)
(left and middle respectively) and the magnitude of the stress |τ | (right), starting from initial data
(6.11). Similar to Figure 6.6, deviations from yield occur only with the rigid region. However, for
this solution, the stress covers the entire range 0 ≤ |τ | ≤ 1.
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Figure 6.8: The numerically computed pseudo-steady values for the components of the stress (p, q)
(left and middle respectively) and the magnitude of the stress |τ | (right), starting from initial data
(6.12).

(c) Weak dependence on boundary data in the shear band

We conclude with two examples to show that, provided the boundary data forces a shear band,
the velocity in the interior of Ω is essentially independent of the velocity boundary data within the
shear band. Consider (6.10) as the initial data inside Ω, and modify the boundary data (6.9) along
the left side {x = 0} to

v(0, y, t) =

{

1 + (y2 − 1)(y2 + c) |y| < 1

|y| else.
(6.13)

Thus, outside the shear band {x = 0, −1 < y < 1}, the boundary data are unchanged. Moreover,
provided c > 0, the relaxed boundary conditions (2.7) at the shear band are unaffected by the
modification. Plots of the pseudo-steady velocities, for c = 1/4 and c = 1, are shown in Figure 6.9;
they differ appreciably from one another and from Figure 6.4 only in the boundary values of the
velocity in the shear band. The stress profiles are identical with those shown in Figure 6.6 to within
expected numerical errors.
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Figure 6.9: Independence of the solution on the interior of Ω relative to the velocity data within
the shear band. The pseudo-steady velocity is shown for two different choices of (6.13): (left) c = 1,
(right) c = 1/4. The corresponding stresses are both indistinguishable from Figure 6.6.
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